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We construct SU(N) irreducible Schwinger bosons satisfying certain U(N-l) con- 
straints which implement the symmetries of SU(N) Young tableaues. As a result all 
SU(N) irreducible representations are simple monomials of (N - 1) types of SU(N) 
irreducible Schwinger bosons. Further, we show that these representations are free 
of multiplicity problems. Thus all SU(N) representations are made as simple as 
SU(2). 

I. INTRODUCTION 

The Schwinger construction of SU(2) Lie group and all its representations in terms of 
two simple harmonic oscillators or equivalently Schwinger bosons [1] is well known. Due 
to its simplicity, this construction has been widely used in various branches of physics 
like nuclear physics |2], strongly correlated systems [3], supersymmetry and supergravity 
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algebras [4], lattice gauge theories |5(], loop quantum gravity ||6|] etc.. The three novel fea- 
tures of SU(2) Schwinger boson construction are its completeness, economy and simplicity. 
More precisely, the Hilbert space created by the two Schwinger oscillators is isomorphic 
to the representation space of SU(2) group (see section HU). Thus the Schwinger boson 
representation of SU(2) group is complete (all SU(2) representations occur) as well as eco- 
nomical (every representation occurs once). Further, this construction is also simple as all 
SU(2) representations are given in terms of monomials (not polynomials) of Schwinger 
bosons. It is well known that all the above desired features of economy, completeness and 
elegance associated with SU(2) group are lost when we consider mixed representations 
of SU(3) or higher SU(N) groups. There has been considerable work in the past in these 



directions HZH15Q- In fact, following the work of Gelfand Ig], an explicit realization of a 
group G leading to its representations which are complete and without multiplicities is 
known as a model or Gelfand model of G in mathematics literature and is a subject of 



considerable interest (12Q . The reason for multiplicities in SU(N) representations is that 
SU(N) group requires at least (N - 1) fundamental representations to get its all other irre- 
ducible representations. This immediately implies existence of certain non-trivial SU(N) 
invariant operators (see the references section Hill [IV] and |V] and references therein). Any 
two states which differ by an overall presence of such invariants will transform in the 
same way under SU(N). This leads to the problem of multiplicity which in turn makes the 
representation theory of SU(N) (JV > 3) much more involved than SU(2). The standard 
way to project out these invariants is by using SU(N) Young tableaues. The symmetriza- 
tion and anti symmetrization of SU(N) indices along the rows and columns of SU(N) 
Young tableaues remove these invariants leading to all SU(N) irreducible representa- 



tions. However, the symmetrization and anti-symmetrization operations, in turn, make 
the representations of even the simplest SU(3) group extremely complicated (see section 
HII). As N increases the representations become more and more complicated. This ren- 
ders them useless for any practical application. Note that this is unlike SU(2) case where 
Schwinger bosons creation operators commute amongst themselves and hence have built 
in permutation symmetry of SU(2) Young tableaues along its row (see section HH). In this 
work, we define SU(N) irreducible Schwinger bosons (henceforth we call them SU(N) 
ISB) with built in symmetries of SU(N) Young tableaues. As a result in terms of these 
SU(N) ISB all SU(N) representations are monomials like in simple SU(2) case. Further, we 
show that all SU(N) invariant operators constructed out of SU(N) ISB trivially annihilate 
the above SU(N) representation states. Hence, like SU(2) case, SU(N) ISB representations 
are multiplicity free. Another feature of the construction is that it iterative in nature. The 
results obtained for creation operators for SU(N) get carried over to SU(N+1) without 
any change (see section ITVl and W\. In fact, the present work is SU(N) generalization of 
SU(3) work |15Q . The plan of the paper is as follows. It contains four sections on SU(2), 
SU(3), SU(4) and SU(N) ISB respectively so that the presentation remains transparent and 
self contained. In section QI] we start with SU(2) Schwinger boson construction briefly to 
lighlight all its special and simple features. In section [III] we describe the earlier work 



15|] on SU(3) irreducible Schwinger bosons and then reformulate the problem in a lan- 
guage which can be directly generalized to SU(N). Before proceeding to general case, we 
note that unlike SU(2) and SU(3) the higher SU(N) (N > 4) groups have fundamental 
representations which are not N-plets leading to different types of group invariants. In 
fact, this is the reason why the SU(3) irreducible Schwinger boson construction in [15] can 



not be directly generalized to higher SU(N) and requires change of language. Therefore 
in section (jTV)) we discuss the SU(4) representations explicitly. As we will see this SU(4) 
section makes the transition from SU(2), SU(3) to SU(N) easy and smooth. In sectionlVlwe 
construct all the (N - 1) SU(N) ISB and show that all SU(N) representations in terms of ISB 
are monomials without multiplicities. We conclude the work with a brief discussion on 
parallels between the constraints in the present work and Gauss law constraints in quan- 



tum gauge theories IllQ . In fact, the constraints leading to the Hilbert spaces containing 
SU(N) representations without multiplicities are analogous to the Gauss law constraints 
leading to the physical Hilbert space containing states without gauge multiplicities. 

II. SU(2) SCHWINGER BOSON REPRESENTATIONS 

The three generators {/i,/2,/3} of the group SU(2) satisfy the following commutation 
relation among themselves: 

[/a, h] = ieabck; a,b,c = 1, 2, 3. (1) 

This algebra can be realized in terms of a doublet of Harmonic oscillator creation and 
annihilation operators given by (a n ,a f2 ) satisfying the algebra, 

\a ai a^\ = b{ , [a fa ,a^] = , [a ai a p ] = . (2) 

In terms of these operators, 

' a =E/"(f)V ©> 



where o a denote the Pauli matrices. It is easy to check that these operators satisfy the 
SU(2) Lie algebra with the SU(2) Casimir: 
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where a f ■ a (= a\a\ + afa) is the total number operator. 

Thus the representations of SU(2) can be characterized by the eigenvalues of the total 
occupation number operator with the angular momentum satisfying, 

(ft! + ft 2 ) _ ft 
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where ri\ and are the eigenvalues of a n a\ and fl +2 «2 respectively. 

An arbitrary SU(2) representation characterized by angular momentum j = | is given by 
the SU(2) Young tableau shown in Figure 1. As harmonic oscillator creation operators 
cPjyd = 1,2) commute amongst themselves, the simple monomial state: 



^ya 1 a z ...a n _ fl t« lfl t« 2 ___ fl ta„ ^ ^ Q ai a 2 ...a n 



(6) 



is symmetric under all possible n\ permutations of spin indices {pt\, a 2 , • ■ ■ a n ). 
Above we have defined O" 1 " 2 - a " = a iai a ia2 ...a ia " for later convenience. Thus the symme- 
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n=2j boxes 

FIG. 1: SU(2) Young tableau for the representation n = 2j. Each SU(2) Schwinger boson a fa in (6]) 
creates a Young tableau box. 



tries of SU(2) Young tableau with n boxes in a row is inbuilt in the construction and the 
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states \ipyi' a 2,-A n [ n Q f orm an SU(2) irrep with j = |. From now on we shall say that 
SU(2) Schwinger bosons are SU(2) irreducible as they have built in symmetry of SU(2) 
Young tableau. In other words, no explicit symmetrization of spin half indices is required 
to obtain SU(2) irreducible representations. As mentioned in section IB the aim of the 
present work is to define SU(N) irreducible Schwinger bosons which have the built in 
symmetries of SU(N) Young tableaues. Thus all SU(N) representations in terms of SU(N) 
ISB retain the simplicity and elegance of SU(2) representations in ([6]). 



III. SU(3) SCHWINGER BOSON REPRESENTATIONS 



In this section we briefly review the work in |150 and then recast it in a new framework 
which is generalizable to SU(N). The details of first part can be found in [150. The rank of 
the SU(3) group is two. Therefore, to cover all SU(3) irreducible representations we need 
two independent harmonic oscillator triplets. Let's denote them by {a*} 6 3 and {b fa } £ 3* 
with a = 1,2,3. Now the generators of SU(3) group are written as [17]: 

Qa = fl +^ fl _ fc t^ fl = 1/2/ ... / 8. (7) 

In dZ| A a are the Gell Mann matrices for triplet representation, -A a are the corresponding 
matrices for the 3* representation where A denotes the transpose of A. The defining relation 
(0 implies that under SU(3) (a f ) a and (b f ) a transform according to 3 and 3* representations. 
As Q a , (a = 1,2, ..,8) in © involve both creation and annihilation operators, the SU(3) 
Casimirs are the total occupation number operators of a and b type oscillators: 

N a =a f ■ a, N h = ■ b. (8) 
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n boxes in 3 



m boxes in 3* 



FIG. 2: SU(3) Young tableau for the representation (n, m). Each SU(3) irreducible Schwinger bosons 
A f a (B fa ) creates a single and double Young tableaux box. 

We represent their eigenvalues by n and m respectively and the SU(3) vacuum state 
(n = 0, m = 0) by |0). The representations (n, m) are associated with Young tableau shown 
in Figure El with n single and m double boxes. At this stage, we define six dimensional 
Hilbert space , H^ which is created by six oscillators (a f a , b f a ) for a = 1, 2, 3. The basis 
vectors can be written as: 



taw - («") («T («T (»T (»T (»T p> • 

or equivalently by: 

\7Z7r) = °ft£?: |0> = (« + rvr 2 .vr*(&V fo V"( b Vi°> , (9) 

with O^ 2 ;;"" = (a^ V) a2 »V) an (k%(k%-»(& + W The irreducible SU(3) representation 
states are the states in < H^ which are traceless in any pair of upper and lower indices 



i3 



17j]. These SU(3) representation states are explicitly constructed in |13l, 
by the following polynomial of SU(3) Schwinger bosons: 

n m n m 

m?T"7 s \°7T7 + L i E E ^777^ + L ? E E 

' T ' p\,pi,— ,pm L P1R2—Pm L-l l—l P\ P\P%--Ph v -XPk v Vl-"Pm I— I L—k Pk x 
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The coefficients L r are given by fll3l. 



13: 



(-1V (a f ■ b f Y 

L r = - — — — - — —— -, r = 1, 2, • • • q = mm(n, ra), (11) 

(n + m + l)(n + m)(n + m- l)...(n + m + 2 - r) 

leading to tracelessness conditions: 

3 

E 6 ^zt'Z = °- for ai1 z = i - 2 - n ' and fc = i - 2 - m • ( i2 ^ 

Note that the conditions (|l2l) represent a single constraint as the SU(3) irreducible states 
l^^i'fo' S are symmetric in upper (a) and lower (/3) indices. In fact, in the case of SU(3) 
the trace zero constraint is exactly equivalent to the vertical anti-symmetry of SU(3) 
Young tableau in Figure |2l Apart from the complicated and involved representations 
((TO]) , the Schwinger boson construction of SU(3) suffers from the multiplicity problem. 



ram (flu) by factors of SU(3) invariant 



15(]. Therefore, the infinite tower of 



This problem arises because the states which differs 
operator s ■ b f transform exactly the same way |14 
states: 

transform exactly like (n,m) representation in ((TO). In the SU(2) case we do not face the 
multiplicity problem because the only invariant operator is the total number operator 
in dU) which, also being the Casimir simply multiplies the states in ^ by its eigenvalue 
n = 2j. Another equivalent and compact way to obtain and understand SU(3) irreducible 
representations and its multiplicity problem is through the use of SU(3) invariant Sp(2,R) 
algebra |14fl . As in |14] we define the following SU(3) invariant operators: 

k + = a f ■ b\ k.=a-b, k = - (N a + N b + 3) . (14) 



It is easy to check that they satisfy Sp(2,R) or SU(1,1) algebra: 



[k.,k + ] = 2k 0f [k ,k + ] = k + , [k ,k_] = -k_ 



(15) 



The two mutually commuting SU(3) and Sp(2,R) algebras in © and (flB]) were exploited 
in [14{] to label the infinite tower of states in (fT3"1> by the additional 'magnetic quantum 



number' of the Sp(2,R) group. In particular the states in (|10|) carry the lowest magnetic 
quantum number and therefore trivially satisfy: 



(16) 



In fact, the S 



equivalent [14, 



_ J(3) tracelessness constraint (fl2[) and Sp(2,R) constraint (jl6[) are exactly 



15!] . The constraint (O also reduces the 6 dimensional harmonic oscillator 



Hilbert space *H^ to the 5 dimensional SU(3) Hilbert space *H® (3) . The SU(3) Hilbert space 
^su(3) ^ s generally characterized by \N a ,N b ,I,M,Y) where N a ,N b are the SU(3) Casimirs 
© fixing the representation. The other three quantum numbers are usually the total 
isospin I, its third component M and hyper charge Y which are the Casimirs of the chain 
of canonical subgroup SU(2) <g) U(l) G SU(3) and U(l) £ SU(2) respectively. 



A. The Irreducible SU(3) Schwinger Bosons 



In recent work [15] we have defined and constructed SU(3) irreducible creation and 
annihilation operators which directly create the SU(3) irreducible Hilbert space spanned 



by (|10l) from the vacuum. We define [15] 



A fa = a fa - 



1 (a + • A a = a a - b\{a ■ b) 1 



N a +N b + 1 
1 



N a + N h + 1 



a a N a +N b + 1 



(a + • b f )a a , B a = b a - a ta (a ■ b) 



fit „^cti 



1 



N a +N b + 1 



b a (17) 
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In (dZj) « means that that these identities are weakly satisfied. More explicitly, A a « a a 
means that the actions of A a and « a are same on SU(3) irreducible Hilbert space satisfying 



the constraint £[6]). It is easy to check that the irreducible Schwinger boson creation 



operators commute amongst themselves: 

[A +a ,A^] = 0, [b£,BJ] = 0, [A +a ,B;] = 0. (18) 

Hence the general SU(3) irreducible representations (|10|) which are extremely complicated 
polynomials of ordinary SU(3) Schwinger bosons can now be simply written as monomials 



of SU(3) irreducible Schwinger bosons fll5l1 



\^?Z'Z = A+ai A+a2 • • • Afa % B l 2 ■ ■ ■ B l i°> • ( 19 ) 

The permutation symmetries of the upper and lower indices are inbuilt because of the 



commutation relations (|18|) . The tracelessness of any mixed state (n, m) is also obvious 



and immediately follows from the tracelessness of the octet state. To see this, we consider: 

mitZ = A+ • B ^>tZ = Aiai ■ ■ ■ Afa " B l ■ - B IM = • < 2 °) 



In (120) , we have used the fact that all the A + s and B i s commute amongst themselves (18)) 
and the octet state |i/>}" is traceless. We further note that: 

y=l 

The only other SU(3) invariant operators which can be constructed out of these irreducible 
operators are A + • A and B + • B which following ((161) an d ((T7[) are simply the number op- 



erators a f ■ a and b f ■ b respectively. As they are also SU(3) Casimirs, they do not lead to 
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any multiplicity. Thus this construction in terms of SU(3) irreducible Schwinger bosons 
also solves the SU(3) multiplicity problem. Further, like in SU(2) case in Figure 1, each 
Young tableau single (double) box e 3 (3*) representation in Figure 2 corresponds to the 
irreducible Schwinger boson creation operator A fa (B ia ). In other words the defining 
equations of SU(3) irreducible Schwinger bosons ((T7|) already take care of all the symme- 
tries of SU(3) Young tableaues through the constraint (fT5]> . No explicit symmetrization or 
anti-symmetrization is needed. At this stage, in order to formulate SU(N) problem, it is 
convenient to recast the above results in terms of two harmonic oscillators triplets instead 
of a triplet and an antitriplet in 0: 

Q a =« + [l]y41]+« + [2]ya[2] . (22) 

In (22) both a + [l] and a + [2] transform like triplets of SU(3): 

[QV"M] = (A]y)\ i = U. (23) 

One can get the anti-triplet 3* representation by taking the anti-symmetric combination 
of the two triplets: b f a = e a p Y a f P[l]a fy [2]. In the present representation the four SU(3) 
invariant operators are H]: 

Li, = a f [i] ■ a[j], i,j= 1,2. (24) 

They satisfy U(2) algebra: 

Uj/Luj = djkUi - SuLkj- (25) 

Note that tu and L 2 i are the two number operators Ni and N2 respectively which are 
also the two Casimirs of the SU(3) algebra in (f22~)) . We denote their eigenvalues by n\ 
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FIG. 3: SU(3) Young table in the representation \n\, h 2 ] with two triplets. The same Young tableau 
with a triplet and an anti-triplet in Figure|2]is characterized by (n, m) with n = ni - n 2 and m = n 2 . 

and n 2 respectively. The corresponding SU(3) Young tableau is shown in Figure ([3]). The 
advantage of the change of language from © to <[22|) is that the constraint analogous to 



((To) is now obvious and can be easily generalized to SU(N). The anti symmetrization 
along the n 2 columns of the SU(3) Young tableau in Figure |3] immediately implies the 
constraint [71]: 



Ui = A [1] • «[2] « 0. 



(26) 



Note that L 12 is an exchange operator. It replaces type [2] Schwinger boson by type [1] 
Schwinger boson. Therefore, the only solutions of the constraint ((26) are the states which 
are anti-symmetric in color indices along the n 2 columns of the SU(3) Young tableau in 
Figure |3( The most general forms of A f a [l] and A^[2] which transform like triplets and 
also increase N[l] and N[2] by 1 respectively are: 



A fa [l] = a fa [l] 

A fa [2] = a^m+FliNr^U^m 



(27) 
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The unknown coefficient Fj(Ni,N 2 ) is fixed by demanding: 

(a + [1] ■ a[2\)A" a » => F\{Ni,N 2 ) = -^—L-^. (28) 

In (gS) we have used [l 12 ,L 2 i] = N x - N 2 . Note that the coefficient F*(Ni,N 2 ) is always 
well defined as the eigenvalues of N\ and N 2 corresponding to the SU(3) Young tableau 
in Figure © satisfy n\ > n 2 . The operator a +tt [l] already commutes with the constraint 
operator L i2 in (|26l> and therefore remains unchanged in (|27[). In other words, the first 
triplet of SU(3) ISB retains the form of SU(2) Schwinger bosons. For later convenience we 
formally write the first equation in (|27)> as: 

A ta [1]S U(3) = A t« [1]S U(2) = fl tapj _ ( 29) 

The above equation emphasizes the form invariance and iterative nature of the construc- 
tion to be used later in section IV and V. It is easy to check that, 

[A +fl [l],A + ^[l]] = 0, [A +fl [2],A + ^[2]] = . (30) 

Therefore a general (n, m) irrep of SU(3) is obtained by these new Schwinger bosons as: 

| I ^ 1 .../j n2 )(a a ...a„ 1 ) = A +ft[ 2 ]A + ft[2] . . . A + ^[2]A +ai [l]A +a2 [l] . . . A +a "i[l]|0> . (31) 

The simple monomial construction (|3~l) is equivalent to the SU(3) young tableaux with 
appropriate symmetries. To see this we construct the simplest mixed octet representation 
with ni =2 and n 2 = 1 in (|3T) : 

|^)0)<«i«2) = A + ^[2]A +ai [l]A +a2 [l]|0) = A + ^[2]A +a2 [l]A +ai [l]|0) (32) 
= ^{(^[2]fl +ai [l] -fl tai [2]fl + ^[l])fl ta2 [l] + (^[2]fl +a2 [l] -fl +a2 [2]fl + ^[l])fl +ai [l]}|0) . 
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The expression in ([32]) is first antisymmetrized amongst the column indices a,\ and /3, then 
symmetrized amongst the row indices d\ & a 2 . Therefore it has the symmetries of SU(3) 
Young tableaux in figure 3. This simplest but non- trivial example illustrates the usefulness 
of the procedure to compute SU(3) representations in terms of SU(3) irreducible Schwinger 
bosons. The simple monomial in (1371 ) captures all the symmetries of the SU(3) Young tableau 
diagram in Figure ©. Destruction operators corresponding to (|27|) can be constructed by 
canonical conjugation of A + [l] and A + [2]. However, these operators will not commute 



with the constraint (|26|) and will take us out of 'Hl^y On the other hand, we can also 



construct the SU(3) irreducible destruction operators weakly commuting with L 12 . The 
construction in exactly same as that of A +a [2] and one obtains: 



A a [l] = a a [l] + — — L 21 a a [2] , 

IVl — IV 2 + 

A a [2] = a a [2] . (33) 



The irreducible Schwinger boson representations are free from any kind of multiplicity 
problems as all the non-trivial SU(3) invariant operators are weakly zero: 

A + [l] • A[2] = a + [1] • a[2] = L 12 « 0, (34) 
A+[2] • A[l] = («-[2] - ^-1-^ L 21 «-[!]) [a a [l] + U a a[ 2]) 



1 2 

= "(^-^ + 2X^-^ + 3) ( L21 ) Ul * °' (35) 

(L 21 ) 2 Ui * 0. (36) 



(Ni - N 2 + 2) (Ni - N 2 + 3) 

Note that in calculating A + [2] • A[l] and A[l] ■ A + [2] in ((35)) and d36]) respectively all the 
linear terms in L 21 cancel out exactly and the quadratic term (£21) is proportional to the 
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constraint £42 ~ in (|26l> . Note that the total ISB number operators are trivial invariant 
operators as: 

A f [l] ■ A[l] « fl + [l] • o[l] & A f [2]-A[2] ~a + [2]-a[2] . (37) 

As mentioned in the introduction at this stage it is illustrative to give explicit construction 
of SU(4) irreducible Schwinger bosons before dealing with SU(N) in section fV|) . 



IV. SU(4) IRREDUCIBLE REPRESENTATIONS 

The rank of SU(4) group is 3. Therefore, as shown in Figure (|4j), we need three 4-plets 
a fa [i], i = 1,2,3 to construct any irreducible representation of SU(4). The SU(4) generators 
in terms of these Schwinger bosons are: 

Q a = y + « + [2] yfl[2] + fl + [3]yfl[3], a = 1, 2, ■ ■ ■ , 15. (38) 



In (|38|) A a are the 4x4 representations of SU(4) Lie algebra. The 12 harmonic oscillators 
in (|38l> create a 12 dimensional Hilbert space < H]^ - The SU(4) invariant group is now U(3) 
consisting of 9 generators L, ; in (|24)> and ((25]) with z, ; = 1, 2, 3. Like in SU(3) case, we 
obtain the vertical anti-symmetry of SU(4) Young tableau in Figure dD by demanding [7]: 

L12 = fl f [l] • a[2] * (39) 
L13 = fl + [l] • fl[3] « (40) 
L 23 = a + [2] • a[3] ~ 0. (41) 



The three constraints (|39l> , (|40|) & (|4T]) impose the vertical anti symmetries in the first- 



second, first-third & second-third rows respectively of the SU(4) Young tableau shown 
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FIG. 4: SU(4) Young tableau for the representation [ni,n2,n^\. 

in Figure |H Therefore the null space of [L 12 , L 13 , L23] within 'H^q is the space of SU(4) 
irreducible representation. This space is 9(= 12 - 3) dimensional and will be denoted by 
< H^ u ay Amongst the nine quantum numbers labeling "Hg^w three are the eigenvalues of 
the three SU(4) Casimir number operators: La = a f [i] ■ a[i] with i = 1, 2, 3. The remaining 6 
magnetic quantum numbers characterizing a specific state within the above representation 
are usually chosen to be the eigenvalues of the Casimirs of the canonical subgroup chain: 
SU(3) ® U(l) G SU(4); SU(2) ® U(l) e SU(3) and U(l) e SU(2). Thus, like in SU(3) case, the 
dimension of SU(4) representation space computed through canonical way matches with 
the constraint analysis above (also see [7]). We now come to the explicit construction. 
We would like to construct three types of SU(4) irreducible Schwinger bosons A f [i] with 
i = 1, 2, 3 so that the monomial states: 



{a 1 ...a ni }{pi...Pt*}{yi...y n3 }) 



1l>l2>«3 



= [A^ [3] • • • A + ' 7 "3 [3])(A + ^ [2] • • • A f ?"2 [2]) 
(A +rtl [l]---A +a »i[l])|0) (42) 

carry the symmetries of SU(4) Young tableau shown in Figure ((J). Note that the ordering 



is important in (|42|) . Like in SU(3) case, the irreducible Schwinger bosons that increase 
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N\, N 2 , N 3 by one respectively are constructed as: 

A + "[l] = a fa [l] (43) 

A +fl [2] = fl +a [2]+i^(Ni,N*N 3 ) W*[l] 

A fa [3] = fl +a [3]+F3(N 1/ N 2/ N 3 )L 32 fl +a [2]+F3(N 1/ N 2/ N 3 )L 31 fl +a [l] 

+ F 3 2l (N lr N 2 ,N 3 )(L 32 L 2i y a [l] . 

Note that the three constraints are not independent: 

[£l 2 , L 23 J = I43. 

Hence implementation of the two constraints (|39l> and (j4T) should enable us to compute 
all the four structure functions F. It is clear from (|43)) that A +a [l] commutes with all the 



constraint given in (|39I40I41|) . The form of A +a [2] in (|44)> is exactly same as in the case of 



SU(3) in (|27) except that a runs from 1 to 4 and the number operators correspond to that 
of SU(4). Thus following the same method with the constraint (|39l> we obtain the same 
solution 425) for F2(Ni,N 2/ N 3 ): 

1 



Fi(Ni, N 2 , N 3 ) = Fl(Ni,N 2 ) = - _ ' - - , (44) 



leading to, 



A + «[2] = a fa [2] - - 1 L 21 a fa [l] . (45) 
ivi — iv 2 + z 



Note that the other two constraints Li 3 and L 23 are already satisfied by A +a [2] in (|42~1) , i.e.: 

L 13 ^[2] - [Ui^Rl] = + 1 £23 ^'[1] - 

U,A U [2\ « 0. (46) 
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Imposing (|39[) and (|4T) and after some algebra we get: 

1 1 1 

F 3 = • F 3 = • F 3 = = F 3 F 3 (47) 

2 (N2-N3 + 2)' 1 (N1-N3 + 3)' 21 (N 2 - N 3 + 2)(Ni - N 3 + 3) 2 i- v ; 

Like in SU(3) case, the construction of the SU(4) irreducible destruction operators is similar 
and one obtains: 

A a [3] = a a [3] (48) 
A a [2] = fla[2] + r-— - L+3 fl a [3] 

Aa[1] = Ua[1] + N,-N 2 + 2 ^ 2 flJ2] + N.-N3 + 3 L ^ [3] 
+ (N 1 -N 2 + 2)(N 1 -N 3 + 3) Ll2L23 fla[3L 
One can easily check the commutation relations: 

[A +a [i],A%-]] = 0; i = 1,2,3. (49) 

In fact, the above identity is trivial for i =1 as A +a [l] = « +a [l]. Thus the antisymmetriza- 
tions amongst the SU(4) Young tableau column indices in (Figure Hj) are implemented 
by imposing constraints (|39"1> , ((40]) and (j41|) on the SU(4) irreducible Schwinger bosons. 



Having antisymmetrized this way, the commutation relations (|49|> ensure the horizontal 
permutation symmetries amongst the indices belong to each of the three rows of Figure 
HI As a result the resultant ISB monomial states in (|42|) carry all the symmetries of SU(4) 



Young tableau. Further these representations are also multiplicity free as: 

A[l]-A + [2] « , A[2]-A + [l]~0 (50) 

A[l]-A + [3] * , A[3]-A + [l]~0 (51) 

A[2] ■ A + [3] « , A[3] ■ A + [2] » 0. (52) 
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The above SU(4) results are analogues of SU(3) results in (|34|) , (|35l> and (|36[) . An alternative 



irreducible Schwinger boson construction procedure is to exploit the iterative nature of 
the solutions. In the present SU (4) case we note that A +a [l] and A +fl [2] retain the same form 
as SU(3) and only A +a [3] has to be constructed to satisfy all the three constraints. In the 
construction of A +fl [3] also one can use SU(3) ISB so that the first fundamental constraint 
(L 12 ~ 0) becomes redundant and only the last constraint (L 23 ~ 0) has to be implemented 
by hand. Like in SU(3) case (see eqn. (|29]> , we stress on this form invariance by rewriting 
the three equations in (|43~1> as: 

^t«^][SU(4)] = A fa^[SU(3)] = A fa^j[SU(2)] ^ 
^tar2][SU(4)] _ ^t«j2][SU(3)] 

A + «[3f u(4)] = a fa [3] + G 3 2 (a f [3]-A[2] [su ^)A fa [2] [su ^ 
+Gl(a f [3]-A[lf u ^)A fa [lf u ^ . 

Note that all the constraints in (|39l |40] and SU) are trivially satisfied by A +a [l] [su(4)] and 
A +a [2] [su(4)] by construction. Now L 23 = fl + [2] • a[3] « can be solved for G\ and G\ as: 



,3 1 o ^3 N!-N 2 +2 



° 2 N 2 -N 3 + 2 & Gl (Ni -N 2 + l)(Ni - N 3 + 3) ' (54) 
One can check explicitly that with these coefficients the construction in (|53|) , with the 



coefficients in (|44|) and (|47|) , is exactly same as (|43|) . We will use this iterative construction 



for SU(N) in the next section. 

V. SU(N) IRREDUCIBLE SCHWINGER BOSONS 

The fundamental constituents required to construct any arbitrary irrep of SU(N) are 
N — 1 independent Schwinger boson N-plets given by fl +tt [l], a fa [2], a fa [3],...,a fa [N - 1], 
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FIG. 5: SU(N) Young tableau for the representation [n\, n.2,--- «n-i]- 

with a = 1,2, 3, ..,N since the rank of the group SU(N) is N - 1. The SU(N) generators in 
terms of these Schwinger bosons are: 

Q a = X/MyflM , (55) 

where, A a 's are the generalization of Gell-Mann matrices for SU(N). The N(N - 1) Har- 
monic oscillators present in <(55]) creates a N(N - 1) dimensional Hilbert space ^^q'^- 
There are (N - 1) Casimirs associated with SU(N) group. The SU(N) invariant group 
is now U(N-l) with (N - l) 2 generators given by L !; , i,j = 1,2, ..,N — 1. In the repre- 
sentation ([55]) the (N - 1) Casimirs are the number operators La = N[i] = a f [i] ■ a[i] with 
i = 1, 2, ..,N - 1. Their eigenvalues, specifying a particular representation are denoted by: 
(tii, n ir / tiN-i) respectively. For arbitrary SU(N) we obtain the vertical antisymmetry 
of an Young tableaux by imposing the constraints |3]: 

Uj = a + [z] • a[j] « 0, for z < ; and i, j = 1, 2, ..N - 1 for SU(N). (56) 

Therefore the null space of Uj for i < j within ^ N_1) is the space of SU(N) irreducible 
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representations. There are |(N - 1)(N - 2) constraints in (|56l> . Therefore the dimension of 
the Hilbert space containing SU(N) representations in Figure|5]is N(N -l)-j(N -1)(N -2) = 
\(N - 1)(N + 2). The remaining ±N(N - 1) (= ±(N - 1)(N + 2) - (N - 1)) SU(N) 'magnetic 
quantum numbers' specify a particular state within the above representation. These 
magnetic quantum numbers are usually taken as the eigenvalues of the hN(N— 1) Casimirs 
of the canonical subgroup chain: 

SU(N-l) <g> U(l) e SU(N), SU(N-2) U(l) e SU(N-l), ,U(1) e SU(2). 

We now come to the explicit construction. We would like to construct N — 1 types of 
SU(N) irreducible Schwinger bosons A + [z] with i = 1,2, ..,N - 1 so that the states: 

K ] 4 1] <} K 2] 4 2] < ] ) {«r i] <" 1] ■ • ■ } - (57) 

U^r\ N - 1] • • • A fa "N-i [N - 1]} {a + ^[2] • ■■A<[2]\U^\l] • • • A + <[1]}|0) 

carry all the symmetries of SU(N) Young tableau. As discussed in the SU(4) section, 
A f Jk], k = l,2, ....,N - 2 for SU(N) have exactly the same form as SU(N-l). We only need 
to construct A f a [N - 1]. We construct this in terms of SU(N-l) ISB so that we have to 
implement only the last fundamental constraint: 

L( N - 2 )(M-i) = a f [N - 2] ■ a[N - 1] « 0. 

Thus the SU(N) irreducible Schwinger bosons are given by, 

^tar-MSU(N) _ ^+«m jSii(N-l) _ j^ar^-iSU(N-2) _ = ^4 + "[l] Sii ( 2 ) 

^tapjSUfN) _ ^ta^jSUfN-l) _ j^a^SU(N-2) _ _ A +rt [2] SIJ ^ 

^targjSUCN) _ ^ta^jSU(N-l) _ ^targjSU(N-2) _ . . . _ ^to|"3jSU(4) 
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: (58) 
A fa [N - 2] SU{N) = A fa [N - 2] SU{N ~ 1) , 

N-2 

A fa [N - 1] SU(N) = a fa [N -1] + Yj G f _1 { a ^ N ~ V " A[z'] su(AH) ) , A +fl [i] su(N-1) . 



Note that in (|58|) « = 1, 2, • • • , N and all the number operators are of n-plets of SU(N). We 



again emphasize that the first (N - 3) fundamental constraints 

ty+i = a f [i] ■ a[i + 1] « 0, i = 1,2, • • • N - 3 

are already satisfied by the SU(N) ISB in (|58|) . Unfolding all the ISB constructions from 
SU(N-l) to SU(2) one obtains the most general form of k th irreducible Schwinger bosons: 

k-1 k-1, 

A' a [k] = a fa [k] + £ Yj F k F h--- F iM hh ■ ■ ■ U^i/ a [i r l (59) 

r=l {h,..,ir}=l 

In ([59]) = 1,2, • • • (N - 1) and the prime over the second summation implies that 
the ordering k > i\ > i 2 > ... > i r has to be maintained. To find out the general form of 
F^(Ni, .., Nn-i) it is sufficient to apply only the consecutive (k - 1) fundamental constraints 
£p(p+i) ~ 0, where p = 1, 2, fc - 1 as all other constraints can be obtained as the commuta- 
tors of these fundamental constraints, e.g.: L 13 = L 12 ,L 23 ,L 14 = L 13 ,L 34 = L 12 , L 23 ,L 34 
etc.. It is quite straightforward to show that the constraint ~ gives 

FUN,, .A-i) = ^(NbNw) = - N ^_ 1 N ^ + 2 ■ (60) 
After some algebra, the general constraints a f [i] ■ a[i + 1] « gives the recurrence relation: 

F (N 1 ,..,N M -i)= l - " — - • (61) 

1 - (N p - N p+1 + l)F +1 (Ni, .., Nn-i) 

The solution of (|6TT> with (|60|) as the boundary condition is: 
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Note that these SU(N) solutions for F k reduce to (|28|) and (|4"7[) for N=3 and 4 respectively. 



Similarly all the N-1 fundamental irreducible annihilation operators for SU(N) can also 
be constructed using the irreducible creation and annihilation operators for SU(N-l). The 
general k th annihilation operator for SU(N) is given by, 



N-1 



A a [k] suw = a a [k] + £ Gl (a[K] • A + [z'] su(N_1) ) A a [z] SU(N_1) , (63) 



i=k+l 



or equivalently 

N-1 N-1, 



A 



[k] = a a [k] + £ Yj ^H'k ■ ■ ■ tf&ikhk ■ ■ ■ hir^Airl (64) 



a 

;•=! \ix,i 1 ,..,i r =k-v\\ 



In ([64l> k = 1, 2, • • • (N — 1) and the prime over the second summation (£') implies that the 



ordering k < i\ < ii < ... < i r < N — 1 has to be maintained. The similar algebra as done 
for creation operators gives: 

"i- M-tt + i + t-i -f ' (65) 

The Hilbert space created by SU(N) irreducible Schwinger bosons contains all SU(N) 
representations and every representation appears once as: 

A + m-A[;]«0, V i*j . 

The only remaining SU(N) invariant operators in terms of SU(N) ISB are A f [i] ■ A[i], i = 
1,2, - ■ ■ ,(N - 1). These operators, being weakly related to the SU(N) number operator 
Casimirs, do not lead to multiplicity. 

VI. SUMMARY AND DISCUSSIONS 



We conclude that SU(N) representations constructed in terms of SU(N) ISB are com- 
plete as well as economical. Further, like in SU(2) case, all representations are monomials 
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of SU(N) ISB. This is because the SU(N) ISB are defined and constructed such that they 
carry the symmetries of SU(N) Young tableaues making explicit symmetrization, antisym- 
metrizations redundant. Thus the SU(N) irreducible Schwinger bosons (N > 3) provide 
a model for SU(N) just like SU(2) Schwinger bosons provide a model for SU(2). At this 
stage, following the discussion in it is interesting to mention the parallels with quan- 
tization of gauge theories. In gauge theories there are many spurious gauge degrees 
of freedom. Therefore, all states connected by gauge transformations represent a single 
physical state. This multiplicity is removed by imposing the Gauss law constraint on the 
physical Hilbert space. In the case of pure electrodynamics the Gauss law constraint is: 

v " E ^physical = or V " E ^°- ( 66 ) 
In (f66l> V • E represents the divergence of electric field. This is analogous to the constraints 



(|16I56[) which can be interpreted as 'group theory Gauss law' constraints in t H E " 



HO 



The representation redundancy in *H^q ^ is generated by the generators of invariant 



U(N - 1) group. In the case of SU(3), discussed in detail in |14J1 the six dimensional 
harmonic oscillator Hilbert space , H^ was completely spanned by vectors labeled with 
the 6 quantum numbers belonging to SU(3) <g> Sp(2,R) group. Similarly, the harmonic 



oscillator Hilbert space T^cT ^ can a ^ so ^ e completely spanned by vectors labeled by 
the N(N - 1) quantum numbers belonging to SU(N) <g> U(N - 1) or equivalently SU(N) <g> 
SU(N - 1) <8> U(l). The work in this direction is in progress and will be reported elsewhere. 



An important application of SU(N) ISB is in lattice gauge theories 1120- The SU(N) ISB 



enable us to remove the redundant gauge as well as loop degrees of freedom from lattice 



gauge theories ||5t 



19Q leading to a formulation in terms of loops and strings without any 



spurious gauge or loop degrees of freedom. In fact, this has been the starting point and 
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the motivation behind the present work and the work in [15 , 
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